We calculate the breathing mode frequency ω in a one-dimensional Bose gas confined to a harmonic trap of frequency ωz. We predict a smooth crossover from Thomas-Fermi Bose-Einstein condensate (BEC) regime (ω = √ 3ωz) to Gaussian BEC regime (ω = 2ωz) using Hartree approximation and sum rules approach, adopted to small system sizes. Local density approximation (LDA) correctly captures the crossover from Tonks-Girardeau (ω = 2ωz) to Thomas-Fermi BEC (ω = √ 3ωz) regimes. Predictions from local density and Hartree approximations can be continuously matched for N > ∼ 25 particles, providing a complete zero-temperature description for large number of particles and resulting in a non-monotonic reentrant behavior of the breathing frequency. For smaller number of particles (ranging from N = 2 to N = 25) we perform extensive diffusion Monte Carlo simulations. This permits us to obtain a complete picture, applicable to arbitrary number of particles and any repulsive interaction strength. We provide perturbative analysis for both weak and strong coupling regimes. We revisit Innsbruck group experiment [Science 325, 1224[Science 325, (2009, analyzing the measurements done in Thomas-Fermi -Gaussian BEC crossover, and demonstrate that the breathing frequency follows a reentrant behavior as a function of the interaction strength in full agreement with our theory. Statistical properties of one-dimensional (1D) gases of quantum particles interacting through short-range potential are largely dependent on interaction strength. For a gas of bosons interacting through δ-function potential of strength g > 0 (repulsive Lieb-Liniger gas), increasing g suppresses spatial overlap between any two bosons [1] . This leads to a many-body excitation spectrum identical to that of a free Fermi gas, in the ultimate case of infinite repulsion, g = ∞, known as Tonks-Girardeau (TG) gas [2] . Hard-rods gas model, in which any boson cannot come within a distance smaller than the s-wave scattering length a 1D from any other boson, mimics ever stronger interparticle repulsion strength. And hard-rods gas model provides a good description for strongly attractive Lieb-Liniger gas prepared in some special highly excited state (super-TG gas) [3] .
We calculate the breathing mode frequency ω in a one-dimensional Bose gas confined to a harmonic trap of frequency ωz. We predict a smooth crossover from Thomas-Fermi Bose-Einstein condensate (BEC) regime (ω = √ 3ωz) to Gaussian BEC regime (ω = 2ωz) using Hartree approximation and sum rules approach, adopted to small system sizes. Local density approximation (LDA) correctly captures the crossover from Tonks-Girardeau (ω = 2ωz) to Thomas-Fermi BEC (ω = √ 3ωz) regimes. Predictions from local density and Hartree approximations can be continuously matched for N > ∼ 25 particles, providing a complete zero-temperature description for large number of particles and resulting in a non-monotonic reentrant behavior of the breathing frequency. For smaller number of particles (ranging from N = 2 to N = 25) we perform extensive diffusion Monte Carlo simulations. This permits us to obtain a complete picture, applicable to arbitrary number of particles and any repulsive interaction strength. We provide perturbative analysis for both weak and strong coupling regimes. We revisit Innsbruck group experiment [Science 325, 1224 (2009)], analyzing the measurements done in Thomas-Fermi -Gaussian BEC crossover, and demonstrate that the breathing frequency follows a reentrant behavior as a function of the interaction strength in full agreement with our theory. Statistical properties of one-dimensional (1D) gases of quantum particles interacting through short-range potential are largely dependent on interaction strength. For a gas of bosons interacting through δ-function potential of strength g > 0 (repulsive Lieb-Liniger gas), increasing g suppresses spatial overlap between any two bosons [1] . This leads to a many-body excitation spectrum identical to that of a free Fermi gas, in the ultimate case of infinite repulsion, g = ∞, known as Tonks-Girardeau (TG) gas [2] . Hard-rods gas model, in which any boson cannot come within a distance smaller than the s-wave scattering length a 1D from any other boson, mimics ever stronger interparticle repulsion strength. And hard-rods gas model provides a good description for strongly attractive Lieb-Liniger gas prepared in some special highly excited state (super-TG gas) [3] .
An interplay of interaction and statistical properties for quantum 1D gases is seen in a low-lying part of their excitation spectrum particularly well if the latter is discrete in the limit of large number of particles, N. The discreteness is ensured by confining quantum gas with the external potential. Ratio ω/ω z of the frequency of the lowest compressional (breathing) mode, ω, and the dipole mode, ω z , was investigated for a LiebLiniger gas confined by a parabolic potential in experiments [4] [5] [6] . It was observed that ω/ω z goes through two crossovers: from 2 to √ 3, and then from √ 3 to 2 as the system goes from non-interacting to weakly interacting, and then from weakly interacting to strongly interacting regime [5] . The latter crossover has been described theoretically, by the approach based on the local density approximation (LDA) [7] . A description of the former crossover has not been done so far. Experiments [4, 6] have been done in the regime of weak coupling, for which ω/ω z = √ 3 is expected in the large N limit at zero temperature. To what extent are observed deviations from √ 3 value due to finite N and temperature, is an open question answering which paves a way towards understanding equilibration and thermalisation benchmarks in dynamics of interacting quantum gases.
In this Letter we report analytic and numerical results for ratio ω/ω z obtained within the repulsive Lieb-Liniger gas model for the parameters accessed in experiments [4] [5] [6] . We describe a crossover from non-interacting to weakly interacting gas analytically by making use of Hartree approximation for N 1. Our Hartree solution connects smoothly with the one for weak to strong interaction crossover, obtained with LDA [7] . We complement analytic approaches with extensive diffusion Monte Carlo (DMC) simulations made for up to 25 particles, thus elaborating effects from finite N . Our zero-temperature results show perfect agreement with data from Innsbruck experiment [5] . On the other hand, we found a mismatch with those data points from Palaiseau group [6] which are away from mean-field prediction ω/ω z = √ 3. Model. -The model we consider is Lieb-Liniger gas of repulsive bosons in a parabolic trap. The Hamiltonian for N particles is
Here m is the particle mass, and V (z) = mω (1) are shown as a function of Hartree parameter λ = −a1D/(N az) for a given N. Density profiles are Gaussian, inverted parabola, and semicircle deep in these regimes, respectively.
the particle potential energy in a parabolic trap. Length scales in the model are set by the s-wave scattering length a 1D , related to the coupling constant g = −2h 2 /(ma 1D ), and by the harmonic oscillator length a z = h/(mω z ).
Depending on a 1D , a z , and N , model (1) is in one of three zero temperature quantum regimes shown schematically in Fig 1: Gaussian Bose-Einstein condensate (BEC), Thomas-Fermi (TF) BEC, and Tonks-Girardeau (TG). Thermodynamic and local correlation properties of the model differ qualitatively between these regimes, see Ref. [8] and references therein.
First excited state of model (1), a dipole mode, is interaction-independent. It is associated with centerof-mass motion, which oscillates with the trap frequency ω z . Second excited state is doubly-degenerate for g = 0 and g = ∞. One mode with interactionindependent frequency 2ω z is comes from center-of-mass motion. Another mode is the compressional mode, whose interaction-dependent frequency ω is in the focus of the present Letter.
Analytic approaches. -Eigenfunctions and spectrum of model (1) are not known exactly for N > 2. To find ω for arbitrary a 1D , a z and N we use sum rules approximation approach, reviewed in Ref. [9] . More specifically, ω is obtained by calculating the response of the cloud size to a change of trap frequency ω z :
where
z i /N is the center of mass coordinate. The average · · · is taken with respect to the ground state wave function
, the latter operator being used in Ref. [7] .
Varying ω z in Eq. (1) one generally excites many modes rather than a single breathing mode. Those modes led to a deviation of ω given by Eq. (2) from its actual value, and their relative weight should thus be diminished by a proper choice of Q. How good Q c is for that purpose is seen by comparing the exact spectrum of our model for N = 2 with ω given by Eq. (2) for arbitrary ratio −a 1D /a z . We found that ω given by Eq. (2) with Q = Q 0 misses up to 50% of the deviation from 2ω z value, while with Q = Q c it misses 4% at most.
To get ω from Eq. (2) requires knowledge of ground state properties of Hamiltonian (1) only. Let us approximate ψ gs (normalized to ψ gs |ψ gs =1) with the Hartree variational wave function ψ 
for minimal possible energy . Here the length x = z/a z , and the energy is measured in the units ofhω z . The parameters a 1D , a z , and N enter Eq. (3) through a Hartree parameter
We are assuming that N 1 when using Hartree approximation, and this assumption is incorporated into Eq. (3). Taking the average from Eq. (2) with respect to the Hartree state, ψ
2 is the ground state density distribution within Hartree approximation. Therefore ω/ω z is a function of single parameter λ within Hartree approximation.
Excitation spectrum of model (1) deep in Gaussian BEC regime, λ 1, can be found perturbatively in g, resulting in
where c N = 1/ √ 8π for all N ≥ 2. Alternatively, the density profile from Eq. (3) can be used to evalute the sum rules expression Eq. (2) to recover Eq. (5). Note, however, that Eq. (3) is written assuming that N 1 and thus gives c N for N → ∞ only.
In the case of λ 1, Eq. (3) results in an inverted parabola density profile (see Fig. 1 ) is reached deep in Gaussian BEC regime, λ → ∞, see Fig. 2 . Thus, Hartree approximation captures characteristic properties of TF BEC and Gaussian BEC regimes; the crossover takes place for the Hartree parameter λ ≈ 1 (see Figs. 1-2) .
The crossover from TF BEC to TG regime for large N can be obtained within the local density approximation (LDA), which assumes that the local properties of the gas depend on its density, n = n(z), at a given spatial point z. Local chemical potential µ loc is determined by the external potential, µ loc (n(z)) = V (Z) − V (z) for |z| ≤ Z, in model (1). Here Z is the Thomas-Fermi radius of the gas cloud, whose value is set by normalization condition Z −Z dz n(µ loc (z)) = N. A dependence of µ loc on n follows from a solution of the homogeneous Lieb-Liniger model (Eq. (1) with V = 0) given in Ref. [1] . Ratio ω/ω z is calculated within LDA in Ref. [7] , it depends on LDA parameter Λ = N a 2 1D /a 2 z [7, 10, 11] . Excitation spectrum of model (1) deep in TG regime, Λ 1, can be found perturbatively in a 1D . For that we use a mapping from the gas of strongly repulsive bosons to that of weakly attractive fermions [12] . A perturbative solution for the ground state energy is given in Ref. [13] ; analysis of exited states brings the result [14] 
where C N is calculated for all N ≥ 2 : 
. Note that c N entering Eq. (5) does not depend on N, while C N does. The dependence is, however, very weak, and grows monotonously from
306. The Λ → 0 expansion of the LDA solution reproduces Eq. (7) and the coefficient C ∞ . In the TG limit, Λ = 0, the local chemical potential is Fermi energy µ loc = (πhn) 2 /(2m), resulting in semicircular LDA density profile n(z)
2 )/(πa z ), with x = z/a z (see Fig. 1 ).
In the case of Λ 1, LDA implies Gross-Pitaevskii local chemical potential µ loc = gn and density profile defined by Eq. (6), characteristic of TF BEC regime. Solving Lieb's integral equations connecting µ loc and n numerically for arbitrary LDA parameter Λ, one gets ω/ω z which goes down from 2 to √ 3 as Λ goes from zero to infinity [7] , as is seen in Fig. 3 . Thus, LDA approximation indeed captures characteristic properties of TF BEC and TG regimes; a crossover value of LDA parameter Λ for these regimes is Λ ≈ 1 (see Figs. 1,3) .
DMC simulations. -We complement the analytic results with large-scale numerical simulations based on diffusion Monte Carlo (DMC) algorithm [15] . That algorithm amounts to solving many-body Schrödinger equation in imaginary time and makes it possible to calculate ground state energy to arbitrarily high precision. The convergence rate of the simulations can be enhanced greatly by doing an importance sampling with a guiding wave function ψ T . We use
, with the parameter c var minimizing the variational energy. This function is known to work very well in various 1D systems [16] [17] [18] [19] .
DMC algorithm is well suited for finding the groundstate properties while it is more challenging to find the energies of the excited states and predict the breathing frequency. A possible way to do so is to use the inverse Laplace transform of imaginary-time correlation functions, as is done for N = 3 atoms in Ref. [14] . However, the inverse Laplace transform is an exponentially illposed problem, as there are many real-frequency reconstructions which lead to essentially the same imaginarytime correlation function. This makes the inversion notoriously hard, especially for large number of particles where statistical noise increased. Instead, we rely on sum rules approach to relate the breathing frequency to static averages (2) . This permits us to perform the calculations with system sizes 2 ≤ N ≤ 25.
We plot the breathing frequency as a function of Hartee parameter λ, Eq. (4), in Fig. 2 . One finds that in Gaussian BEC regime, λ > ∼ 1, ω is indistinguishable from ω H for any N . Furthermore, the minimal value of λ at which ω stays close to ω H decreases with increasing N, being about 0.1 for N = 25. The gas is deeply in the TF BEC regime at that point with ω = √ 3ω z . The plot of ω H shown in Fig. 2 corresponds to the solution of Eq. (3) in the limit of N → ∞.
Comparison with experiments. -Data points from Innsbruck [5] and Palaiseau [6] experiments are compared in Figs. 2 and 3 with our prediction from analytic and DMC approaches. Innsbruck group loaded BEC of 133 Cs atoms into a two-dimensional array of optical traps. Each trap contained between 8 and 25 atoms, whose motion is confined to one spatial dimension. Very broad range of values of interatomic interaction strength was examined: from γ 0 = 5 × 10 −3 to γ 0 = 5 × 10 2 , where γ 0 = mg/(h 2 n(0)) is the dimensionless interaction strength in the trap centre. The increase of the argument of plots in Fig. 2 , λ = −a 1D /N a z , corresponds to decreasing γ 0 , given that N is kept constant. The datapoints on the right part of that plot match well with ω 2 /ω 2 z from Hartree approximation (black dashed line). Furthermore, DMC simulations for N = 17 (red crosses) are in very good agreement with all experimental data. Letting N = 17 in the LDA solution to the model (black solid line), we see that it agrees well with the experimental data points lying on the left part of Fig. 2 . Finally, we find a good agreement between the experimental data and predictions of the Hartree approximation for N = 17, as can be seen in Fig. 3 .
On the other hand Palaiseau group prepared singletube system of the 87 Rb gas using atom-chip setup. Interaction strength γ 0 tuned with number of atoms N , given that a 1D is kept constant (see Table I ). It is remarkable that all points but two last follows TF regime prediction.
When making comparison of our zero-temperature predictions with experiment, it is important to understand the role of the temperature. For the static properties, it is commonly considered that the quantum degenerate regime is reached when the temperature is be- low the critical temperature of an ideal Bose gas T Q = Nhω. In Palaiseau experiment [6] the temperature T = 100nK is well below the quantum degeneracy temperature, 300nK < T Q < 3000nK . From this point of view, the zero-temperature result ω = √ 3ω z might be expected, instead points (6) and (7) significantly differ with the zero-temperature result. On the contrary, in Innsbruck experiment [5] the temperature T = 160nK is significantly higher than the temperature of the quantum degeneracy T Q = 30nK. Nevertheless, the experimental points agree with our zero-temperature predictions within experimental error bars. It becomes clear, that the T Q is not a proper parameter to compare with, when describing the dynamical properties.
Experimental data indicate dimensionless temperature t = 2h 2 k B T /(mg 2 ) to be in order of 1100 for Palaiseau and in range from 3 × 10 −1 to 3 × 10 7 for Innsbruck experiments. The particle number at crossover N co = 87 Rb with 480 particles in the system. Thus system should be into the qBEC regime. Contrary for the data from Innsbruck in the weak coupling N co is in range 30-130 thus due to [20] system should be in the decoherent regime.
Summary. -In this Letter we report frequency of the breathing mode for trapped 1D Bose gas. We revisit experiment [5] from Innsbruck group and demonstrate that the breathing frequency follows a reentrant behavior as a function of the interaction strength. We infer the breathing frequency from energy-level spacing (i) in perturbative calculations for strong repulsion and arbitrary number of atoms (ii) for arbitrary interaction and N = 2 atoms. Alternatively, we use sum rules approach and demonstrate that by properly taking into account the center of mass contribution, very good accuracy is achieved(4% deviation at most for N = 2 atoms). For large number of atoms, the breathing frequency decreases from ω = 2ω z in Tonks-Girardeau regime (infinitelystrong repulsion) to ω = √ 3ω z in Thomas-Fermi BEC regime. This crossover is correctly captured by local density approximation and is controlled by LDA parameter Λ = N a 2 1D /a 2 z . For even weaker interactions, the breathing frequency starts to increase until it reaches the maximal value of ω = 2ω z in Gaussian BEC regime. This crossover is controlled by Hartree parameter λ = −a 1D /(N a z ). Together, LDA and Hartree theories completely describe the breathing frequency for number of particles N > ∼ 25. In order to complete the full descrip-tion in terms of number of particles, we apply diffusion Monte Carlo method for 2 ≤ N ≤ 25 particles. We find that the breathing frequency follows a non-monotonic behavior, although TF BEC value, ω = √ 3ω z , might be not reached. We revisit Innsbruck experiment [5] by analyzing the reported experimental points for which the increase in the breathing frequency was observed but no explanation was given. By presenting all experimental series on the same figure we find a good agreement between experimental data with our predictions in all regimes and thus demonstrate the reentrant behavior of the breathing mode.
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